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GIOI THIEU CHUNG

Xiov tran trong gioi thiéw toni ban doc bo tai lién:
HQC VA ON TAP
TOAN

do Nhism Cu Mon dieai sie phae trdch cua Thae st Todan hoe = Ki si Tin hoe Lé
Hong Dure bién soan.

Be tai liéu gom 8 cuon:

Caon 1: Hoc v on tap Toin - Hinh hoc 10

Ca6n 2: Hoc va on tip Todn - Dai so 10

Ci16n 3: Hoc va on tap Todn - Luong giic 1]

Cidn 4: Hoc vd on tap Toin - Hinh hoc 11

Ci6n 5: Hoc va on tap Todn - Pai s6 va Giai tich 11

Ci6n 6: Hoc va on tip Toin - Hinh hoc 12

Ci6n 7: Hoc va on tiap Toan - Giai tich 12

Ci6n 8: Hoc va 6n tap Toidn - Pai s6 16 hop 12

Muc ticu cria bo tai licu nay la cung cap cho cdac Thay, Co giao mét bo bai
giang chuxén san 6 char higng va cho cde em hoc sinh Trung hoe phd théng
véu nich mon Todan mot bo tai lién hoc tap bé' ich.

Bo tai licu dicoe viét trén mot ne ticong hoan toan mai me, ¢é tinh sir pham,
o tirh tong hop cao, tan dung dioe diy dii thé manh ciia cde phieemg phap ddic
hiét {é gidi Todn.

Bo tai liéu nay chae chan phi hop vai nhiéu doi neong ban doc nr cdae Thay,
Co gdo dén cdc em Hoe sinh lap 10, 11, 12 va cde em chuan bi die thi mon
ToanTor nghiép PTTH hode vao cde Tricomg Dai hoc.

Cion

HOC VA ON TAP TOAN
HiNK HOC 1)

do L Bich Ngoc clni bién duoe chia thanh 5 ¢hiiong:

Chuong I:  Dai cuong vé dudmg thang vi mat phing

Chuong 11:  Quan hé song song

Chuong 11I:  Quan hé vuong goc

Chuong IV: Mt cdu v mdt tron xoay

Chuong V: Dién tich va thé tich
bao jom 21 chii dé, miéu td chi tiét plucong phdp gidi cho 48 dang todn co bdan
va nang cao cria hinh hoe 11

Croi cing, cho dii dd rdt cd giang, nhimg that khé tranh khoi nhitmg thiéu sét
bai ihitng hiéu biét va kinh nghiém con han ché, vt mong nhan dirge nhimg ¥
kien long gop quy bau ctia ban doc gan xa. Moi v kién dﬁm: op xin lién hé tai;

Niom Cu Mén

St nhd 20 - Ngo 86 - Buong To Ngoc Van - Quan Tay Ho -Ha Noi

Ha néi, ngay 2 thang 9 nam 2005
NHOM CU MON

ad



CHUONG I
PAI CUONG VE
DUONG THANG VA MAT PHANG
CHU DE 1
MO BAU VE HINH HOC KHONG GIAN

1. KIEN THUC CO BAN
Mon hinh hoc khéng gian 1a mén hoe nghién ctiu cic tinh chit cua cac hinh nim
trong khong gian. _
 Hinh hoc khong gian ¢6 cdc d6i tuong co ban 1 "diém”, "dirimyg thang * va "mdt
phtiH; i

1. QUAN HE THUOC
a. Véi mot diém A vi mot dudng thing d ¢6 thé xay ra hai trudmg hop:
*  Dié¢m A rhudc dudng thang d, ki hiéu a e d.
" Di¢m A khong thuoe duong thing d, ki hiéu a ¢ d.
b. Vdi mot diém A vi mot mit phing o ¢6 thé xay ra hai trudng hop:
4 Piém A thuoe mit phing o, ki hiéu a € o.
" Diém A khong thuée mat phing o, ki hiéu a ¢ o.

2. CAC TIEN DE

Tien dé 1:  C6 mor va chi mor mét phang di qua ba diém khong thang hang
cho triae.

Titn dé 2:  Néu mot dicomg thang di qua hai diém phdan biét ciia mot mdt phang
thi moi diém ctia diomg thang déu thude mdt phang do.

Tin dé 3:  Néu hai mét phdang o6 mot diém chung thi ching con 6 mot diém
clhung khac mie. '

Ten dé4: Co it nhat bon diém khong dong phang.

3. NHONG KET QUA MO DAU
Pinh li 1: Néu hai mdat phang phdan biét ¢é mor diém dmmg thi chiing 6 mot diwomg
thangchung duy nhat va chiia tdi cd cde diem elmmg ciia hai mét phang dé.

Kbi d6. duong thing chung duge goi 1 giao rvén cia hai mat phang.
Pinhli 2: Co mot va chi mot mat phang di qua mot dicmg thang va mot diém ndan
ngod: duong thang do.
Pinhli 3: Co mot va ohi mét mat phang di qua hai dieomg thang cdart nhau,

4 VITRi TUONG DOI CUA PUSNG THANG VA MAT PHANG
Cio duomg thing a vd mat phing . Cin ¢ vao s6 diém chung ctia dudmg thing
vit mit phang ta ¢6 ba truong hop sau:
a  Puong thing a vd mat phiing a-khong c6 diém chung, tic 1a:
ana=@oalla.
b Pudng thing a vd mit phing a chi ¢6 mot diém chung, tic la:
ana= A} <> acitatai A.



c. Pudng thing a vd mat phing o ¢é 2 diém chung phan biét, tic la:
aﬁ(J::{A Bl < aca

/< /W =y

=@ ¢> afla = |A} o acita ana=[A B} <>aca

5. VITRi TUONG DOI1 CUA HAI MAT PHANG
Cho 2 mit phing a va B. Cin cif vio s& dudng thing chung ctia 2 mat phing
¢6 ba truong hop sau:
a. Hai mat phing o va B khong cé dudmg thing chung, tiic la
anf=Calp.
b. Hai mat phang a va B chi cé6 mot dudmg thing chung, tic 1a:
anP=ae acitp.
c. Hai mit phing o vi B ¢6 2 dudmg thing chung phan biét, tdc la:
anf=(ableoa=p.
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6. VITRI TUONG DOI CUA HAI PUONG THANG
Cho 2 dudng thing a vd b, €in cif vao su déng phing va s6 diém chung cia’
dudmg thing ta c6 bon trub‘ng hop sau:
a. Hai diomg thing song song: cung niam trong mot mat phing vd khong 6
diém chung, tic la:

a//b@{

acaabca
anb=¢
b. Hai dicomg thang cdt nhau: chi c6 mot diém chung.
: acilbtczbar‘\b=lll. ,
c¢. Hai dudng thing tring nhau: cé hai diém chung phan biét.

anb=|A Bl a=b.
d. Ha: Jirsg thing chéo nhau: kh('mg cung thuéc mot mat phing.

acheu byt a, b khéng dong phing..

/</b/A>’<§ /A\k/

ab chéo nhtlu

acatb a=b

7. cAr:H xﬁ.c DINH DUONG THANG VA MAT PHANG
7.1. Cach xac dinh duong thing
Cé ba cich xic dinh mét duong thing:
Cdch 1: Biét hai diém phan biét A, B cua dudng thing. Ki hiéu (AB).



Cach 2: Biét mot diém cia dudmg thing va phuong cia duong thing do.
Cichr 3: Biét hai mit phing phan biét ciing chiia duomg thang céin tim.
7.2. Cach xac dinh mit phing
Co bon cich xidc dinh mét mat phang:
Cdch 1: Biét 3 diém A, B, C khong thing hang ctia mat phing, ki hiéu (ABC).
Cach 2 Bi¢t | didm A va mot dudng thing d khong chita A ciia mat phing, ki
hi¢u (A, d).
Cach 3: Biét 2 duomg thing ciit nhau a, b cda mat phiing, ki hié¢u (a, b).
Cich 4: Biét 2 duomg thing song song a, b ctia mat phing, ki hiéu (a, b).

1. LA( DANG TO: \_‘\I LIEN QUAN

Baitoan 1:  Su dun&. cic tién dé xét vi tri tuong déi caa diém, du‘mlg lhﬁng va
-mat ph.mh

e T e T P Al T A e T e R T

PHUONG PHAP CHUNG
[. D¢ biét khi ndo mot diém thuéc mét mit phing, ta ¢6 cic két qua sau:
*  Gia sir a [d mat phang xdc dinh bdi ba diém A, B, C thi khi d6 A, B, C
déu thuace a.
*  Néu dudng thing a chita trong mit phiing a, thi khi dé diém M thudc a
déu thuodc a. )
Dé chiimg minh duémg thing a nim trong miit phiing a ta di chimg minh t6én
tai hai diém phan bi¢t A, B thudc a v thude a.
*  Néu mit phing a ¢6 dinh thi ta khing dinh duoc thém ring " Duomg thing

t

andm trong mot mdt phang ¢é dinh o
*  Néu hai diém A, B ¢ dinh thi ta khiing dinh duoc thém riing " Mt phdng
o chita mot dicomyg thang o dinh a ™
3. Dé chimg minh hai dudng thing a, b chéo nhau, ta thudmg sir dung phuong
phip chimg minh phan chimg, cu thé:
®  Gia sir a, b khong chéo nhau, tie 1 ¢6 mot mit phing o chifa ci a va b
*  Say ra mot két ludn vo 1y (trdi véi gia thiét hode trii véi céc tién dé, cdc
dinh 7).
*  Két ludn ring hai dudng thing a, b chéo nhau.
Vidul: Chimg minh r:mg néu ba dudmg thing phan bi¢t ciit nhau timg déi mot
thi ching déng quy hoic cling nim trong mot mit phing.
Gidi
Vi ba dvdmg thing phan biét a, b, c. Gia sir:
anb=[Al.bnc=(Bl,cna=|{C}.
X¢ét hai tnedong hop:
Truomg hop I: Ba diém A, B, C I ba diém phan biét.
Do a, b, ¢ phan biét nén A, B, C 1a ba diém khéng thing hang. Viy chiing xic
dinh mot mit phing (ABC). Ta ¢é:
*  Duomg thing a ¢ hai diém A, C thuéc (ABC), nén a ¢ (ABC).
®*  Tuong tu b ¢ (ABC) vi ¢ € (ABC). ;
Viy. ba dudng thing a, b, ¢ cling thuée mét mit phing (ABC).
Truong hop2: Hai trong ba diém A, B, C tring nhau, gid sir A = B.



Néu A # C thi a = ¢, mau thudn,
Do dé, ta phai co:
A=Co> A=B=Cc<¢a,b,cdong quy.
Viy, ba dudmg thing a, b, ¢ déng quy.
Vidy2: Trong mat phing «, cho géc xOy. A la diéin ngoai a. M, N 1a hai
diém di dong 1an luat trén Ox, Oy.
I. Gia sit OM = ON. Chimg minh ring trung tuyén AP cia AAMN luon nim
trong mét mét phing ¢é dinh.
2. Goi d Ia dudng thing c6 dinh qua A /3 cit o tai mot diém khong thuoc Ox,
Oy. MN di déng nhung luon cit d.
a.  Chimg minh ring MN luon di qua mét diém ¢6 dinh.
b. Goi B 1a diém c6 dinh trén d. B # A vi khong thuoc «.. AM va BN =i
nhau tai Q. Chimg minh ring Q thuéc dor g thai hai mar phing ¢6 dnh.
Suy ra Q thuéc mot dudmg thing cé dinh.
. Giai
I. Taco:
OM = ON => P thudc Oz la tia phan gidc cia géc xOy — ¢6 dinh.
Vay, trung tuyén AP nim trong mit phing c6 dinh (A, O7).
2. Giasaudna= (P} - codinh.
a. Taco ngay:
d m MN = {P} co dinh.
Vay, dudmg thing MN luén di qua diém ¢6 dinh P.
b. Taco: :
* Qe BNc (B,Oy) - codinh

=>Q € (B, Oy) - ¢6 dinh.
® Q¢ AMc (A, Ox) - c6dinh (
>Q e (A, Ox) - co dinh. <
Viay. diém Q thuéc dudmg thing ¢6 dinh A

la giao tuyén cua hai mat phing c6 dinh
(A. Ox) va (B, Oy).
Vidy3d: Trong adt phing a, cho hai nia duding thiing song song Ax, By. Mvi
N 12 hai diém 1dn luot thuoe Ax va By;: M # A va N # B. O la diém ¢6 dinh khing
thuoc .
a.  Chimg minh ring OA va MN chéo nhau.
b. M, N di dong, chimg 16 rang duomg thang Ol néi O v&i trung diém [ dia
MN niam trong mat phing cé dinh.
c. M. N di dong nhung AM + BN ¢6 gid tri khong doi. Chitng minh riing nat
phang (OMN) luén chia mét dudmg thang ¢6 dinh.
; Giai
a. Ta di chimg minh bing phin ching.
That vay, gia st OA va MN khong chéo
nhau tic chiing cling nam trong mot mat
phing. Mat phiang ndy chita ba diém A, M,
N khong thang hiang, dé chinh la mat phing
o, suy ra: .
8




O ¢ a, ré VoI g thict,
Viy. OA va MN chéo nhau.
b.  Goi C L trung dic¢m AB, nhin xét rang:
ABNM Ia hinh theng
> 1« Cz 1a duong trung binh coa ABNM - co dinh
Viy. Ol nam trong mat phing ¢6 dinh (O, Cz).
¢.  Xeét hinh thang ABNM, ta co:

I : ., e
T= _(AM +BN) - khong doi = I 6 dinh.
Viy, mat phang (OMN) chiia dudmg thing Ol ¢é dinh.

PAI TAP BE NGl
Bai tap 1:  Cho duomg thing a nam trong mat phang a vi mot duding thing b cit «
tai dhiem O. Chimg minh rang néu di¢m O khong thuéce a thi a va b chéo nhau.
Bai tap 2: Cho hai duong thang chéo nhau a, b. Trén a ldy hai diém phan biét A,
B. i1¢in b Ly hai diém pean biét C, D.

a. Chimg minh rang AC va BD chéo nhau.

b. M la mot diém trén canh AC, N 12 mét diém trén canh BD. MN ¢6 thé song

song voi AB hoic CD duoc khong ?
c. Ol diém trén MN. Chiing minh ring AO cat CN, va BO cat DM.
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PHUONG PHAP CHUNG

)¢ tim giao tuyén cua hai mat phiing, ta thuc hién theo cic budc sau:

Biuoc 1- Tim hai diém chung ctia hai mat phiing.

Buce 2: Duomg thing qua 2 diém chung dé 12 giao tuyén.
Chii y: D¢ im diém chung cia hai mat phing ta thuong
1im hai duomg thing déng phing lin luot nam trong hai i
mit phing do. Giao diém, néu c6, cha hai dudmg thing
naty chinh 13 diém chung cuia hai mat phang.
Vidul: Trong mat phing o, cho ti gidc ABCD ¢6 AB ciit CD tai E, AC cit BD
tai . S 1a mot diém khong thuoc a.

a.  Tim giao tuyén coa (SAB) va (SCD).

b. Tim giao tuyén clia (SAC) va (SBD).

¢.  Tim giao tuyén cta (SEF) vdi cdc mat phing (SAD) vi (SB(‘

Gidi

a.  Taco ngay S I diém chung ctia (SAB) va (SCD).

Mat khic:

E ¢ ABc (SAB) > E € (SAB).
Ec CDc (SCD) > E ¢ (SCD).

Viy, ta duge SE = (SAB) m (SCD).
b. Tuang ur ciu a), ta duge SF = (SAC) N (SBD). -
c.  Giasu EF cit AD va BC theo thit s tai M, N. Khi do:

® (SEF) va (SAD) ¢6 hai diém chung 13 S va M nén ¢6 giao tuyén 1a SM.




® (SEF) v (SBC) c6 hai diém chung la S vii N nén cé giao tuyén 1 SN.

Cha y: Trong ciu ¢) ching ta di sit dung y tuong trong phiin cha y um bai toim 2
dé thue hién tim diém chung thit hai, cu thé:

*  Trong mit phing (SEF) ta chon dudng thing EF.

* Trong mat phing (SBC) ta chon duong thang BC.

* Tacé EF va BC ciing ndm trong mat phing (ABCD) va EF n BC = [N}.

* Dodé N la diém chung cua hai mat phing (SEF) va (SBC).

Déi vadi vi du trén, diéu ndy rt tnic quan va lhfiy ngay dugc. Tuy nhién, mot vai
bili toidn cic em hoc sinh cin hléu duge ban chat cua van dé mai c6 duge Iua chon
thich hop.

Vidy2: Trong mit phing a, cho hinh binh hainh ABCD tam 0,S I mot diém
khong thuoe o. Goi M, N, P ldn ot Ia trung diém cia BC, CD, SO. Tim giao tuyén ctia
mat phiing (MNP) véi cdc mat phiing (SAB), (SAD), (SBC) va (SCD).

. Giai

Puémg thing MN ciit AB, AD va AC 1ai M,, N, va O,. Khi dé:

®  Noi O,Pcit SA tai P,.

= N&i M/F, cit SB tai M..

= Noi N,P, cit SD tai N..

Viy, ta duoc:

(MNP) n (SAB) = P,M..
(MNP) n (SAD) = P,N..
(MNP) n (SBC) = MM..
(MNP) m (SCD) = NN..

BAI TAP PE NGHI
Bai tap 1: Trong mit phing a, cho AABC, D 1a mét diém khong thuoc a. Goi 1, J lin
hrot 1 trung diém cia AC va BC. K la diém trén canh BD sio cho KD < KB. Tim giao
tuyén ctiia mit phing (IJK) véi cic miit phing (ACD) vi (ABD).
Bai tap 2: Trong mit phing c. cho AABC, D 1a mét diém khéong thuoc . M 1a mot
di¢m bén trong AABD, N Ia mot diém bén trong AACD.

a.  Tim giao tuyén caa (AMN) va (BCD).

b. Tim giao tuyén caa (DMN) va (ABC).
Bai tap 3: Trong mit phing o, cho AABC, D Ia mét diém khong thuoc a. O 1a diém
bén trong ABCD, M Ia diém trén AO.

a.  Tim giao tuyén ctia (MCD) véi cic mit phing (ABC) va (ABD),

b. I, J Id hai diém trén BC vi BD. Tim giao tuyén cua (1JM) vii (ACD).
Bai tap 4: Trong mit phing «, cho hinh binh hinh ABCD tam O, S la mot diém
khong thude «. M, N lan luot 1a trung diém cha SB, SD, P 1 diém trén SC vii SP >
PC. Tim giao tuyén coa (MNP) vai cic mat phing (SAB), (SAD), (SAC) va
(ABCD).
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Baitoan3: C hlnl&. ‘minh ba diém lh.mg hang.
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PHUONG PHAP CHUNG i _
I. Bé chimg minh 3 diém thing hang, ta ching \< \
minh chiing cting thuéc hai mat phing phan biét. /<A B C/
Khi. dé ching thudc giao tuyén cua hai mat a

3]

phing dé.

bd chimg minh 3 dudng thing déng quy, ta \
ching minh .i:mn diém cua hai dudmg thmg nay

Ia diém chung cua hai mt phing ma giao tuyén ¢
Id dudmg thing tha ba.

Vidyl: ©Chomit phing a va ba diém A, B, C khong thing hing & ngodi a. Gia
st cidc duong thing BC, CA, AB lin luot cit a tai D. E, F. Chimg mmh ba diém D,
E, F thing hang.

Giai
Trude tiém, ta thdy ngay ba diém D, E, F thuéc mit phing a. &
Mat khic,, ta co::

Dc BC < (ABC) =» D € (ABQO).

E ¢ CA < (ABC) = E € (ABC).

Fe AB c (ABC) =» F € (ABQO).

Viy, taduroce:

(ABC) N a. = (D, E, F} = D, E, F thing hang.
Vidy2: Trong mat phing a, cho ABCD, A 1a mot diém khong thude a. Goi E, F,
G lan luotla 3 diém trén 3 canh AB, AC, BD sao cho EF ciit BC tai I, EG cit AD tai
H. Chimg miinh CD, IG, HF dong quy.

Giai
Goi'O @ giao diém cia HF va IG. Ta cé:
O¢ HF ¢ (ACD) =5 O ¢ (ACD).
Oe 1IG (B(D} = O ¢ (BCD).
Suy ra:
Oe (ACD) ~(BCD) = CD :
Viy, b divong thang CD, IG, HF déng quy tai O.

BAI TAPPE NGHI
Bai tap 1: Cho hai diém A va B nim trong mat phing o va mét diém O nidm ngoai
a. Liy M. N theo thit tu thuoc OAva OB, v6iM 2O. M £ A, N 2O, N £ A. Gia sir
MN cit ataii C. Ching minh riing ba diém A, B, C thing hing.
Bai tap 2: Cho mit phing « va 2 diém A, B ¢6 dinh & ngoai a. M la diém di dong
trong khéag gian sao cho MA, MB cilt a tai A,, B,. Chimg minh A,B, luon di qua
mot diémced dinh.
Bai tap 3: Trong miit phing o, cho AABC, D 1a mot diém khong thuée «. Qua C
dung mat phaﬁn,g y cit AB, BD tai B,, B,, qua B dung mit phing p cit AC, CD tai C,,
C.. BB,, CC, cit nhau tai O,: BB, CC, cat nhau tai O,. Gia sir 0,0, kéo dai cat SA
tai 1.

i Cuimg minh AO,, DO,, BC déng quy.

b. Cwimg minh I, B, B, vd I, C,, C, thing hang.



